Cayley graphs on the group (7/~,+), in particular the hypercube Q,, are considered. A characterization of them as graphs having suitable edge-colouring properties is given.
Recall that the hypercube of dimension k (or k-cube), denoted by Qk, is the graph 1" = (V,E) where V = V(F):= 77~ and E = E(1") is defined as follows: for x,y ~ Z~, {x, y} ~ E(F) if and only if x and y differ in exactly one coordinate. A k-edge-colouring of a graph F is a mapping from E(F) onto the set {1, 2, ..., k} of colours such that adjacent edges map onto distinct colours.
In this paper we prove that a graph F is a Cayley graph on the group (7/~, +) for some n, over a set of k generators, if and only if it is simple, connected, k-regular and admits a k-edge-colouring satisfying the following condition:
(1) any two-coloured path of length four is a closed path.
As a corollary, we obtain a new characterization of hypercubes. Other references about characterizations of hypercubes can be found in [4, 5] . Proof. Let ~ = (Vo, vl ..... v, = Vo) and y' = (Wo, wl .... , wr} be walks in F such that s(7) = s(7' ) = s = (cx, c2, ..., c,). We must prove that wr = Wo. We are going to do this in the hypothesis that Vo and Wo are adjacent. When Vo and Wo are not adjacent, as F is connected, it suffices to proceed by induction.
Hence, suppose that {Wo, Vo} is an edge coloured i. Let {Wl,Ul} be the edge coloured i through wl. The walk (ul, wl, Wo, Vo, vl) has colour-sequence (i, Cl, i, cl) so that it is either a two-coloured path of length four when ca ¢ i, or a monocoloured walk of length four when ca = i. In both cases we have ua = va: in the first case by condition (1) , in the second case it is trivial. Thus {wx, va } is an edge of F coloured i. Now, let {w2, u2} be the edge coloured i through w2. The walk (u2, w2, wl, vl, v2) has colour-sequence (i, c2, i, c2) so that it is either a two-coloured path of length four when c2 # i or a monocoloured walk of length four when c2 = i. In both cases we have u2 = vz. Thus {w2,v2} is an edge of F coloured i.
By repeating the same process r times, we find that {w,, vr} is an edge of F coloured i. Then, as vr = Vo, we have that {w,, Vo} is an edge coloured i through Vo like {Wo, Vo}. As the edge coloured i through Vo is unique, we get w, = Wo, as required. [] We are now able to prove the converse of Theorem 4 (cf. also [3] ). This operation is well-defined, i.e., the final vertex of 7(v; S(Tw)) is independent of the choice of the walk 7w connecting Vo and w. To see this let 7w, 7w be walks from Vo to w and s = s('/w), s'= s(7") be their respective colour-sequences. Then 7,~ 1. y~ and [7(v; s)] -~. 7(v; s') are walks having the same colour-sequence. Thus, as the first is closed, by Lemma 6 the second is closed too. This means that 7(v; s) and 7(v; s') have the same final vertex.
Let u, v, w be three arbitrary vertices and 7v, 7w be walks from Vo to v and from Vo to w, respectively, and let S(Tv)= (cl, c2, ..., c,) and S(Tw)= (c'a, c~ .... , c's). It is easy to verify that (u* v) * w and u * (v * w) are the same vertex. They both coincide with the final vertex of 7(u; s), where s = (c1, c2, ... ,cr, c'1, c~ ..... c'~). So (V, *) is associative.
For any vertex v it is clear that Vo* v = v. Vo = v, so that Vo is unity for (V, *). Finally, given any vertex v, let 7 be a walk from v0 to v and s(7) = (c~, c2, ..., cr). Note that the following identities hold: (2) vi*vj=vj*vi ~'i, je{1,2,...,k}, (3) vi*vi=Vo Vie{1,2,...,k}.
Identity (2) is an immediate consequence of condition (1); identity (3) is trivial. As f2 generates (V,.), conditions (2) and (3) imply that (V,.) is an abelian group whose elements different from Vo all have order two. Thus, by the structure theorem of abelian groups, we have that (V, .) is isomorphic to the group (Z~, +) for a suitable integer n ~< k. Now, given v, w e V, observe that {v,w}eE ~ 9ie{1,2 ..... k}:v*vi=w ¢~ wev.f2. Conversely, suppose that F = (V, E) is a simple, connected and k-regular graph which admits a k-edge-colouring satisfying conditions (1) and (4). Fix such a colouring of F and Vo e V. By proceeding as in the proof of Theorem 7, we can construct the group (V,.) and its generating set f2 = {Vl,V 2 ..... /)k}. Actually, as (4) holds, f2 is independent. In fact, from v~'*v~*...*vf,~ = Vo it follows that ei = 0 (mod2), Vi e { 1, 2, ..., k}; otherwise, if G, e~2, ..., ei. are the ei's different from zero modulo two, we would have vi, * vi2 * "" * v~, = Vo which implies that the walk having initial vertex Vo and colour-sequence (il, i2 ..... i,) is closed, contradicting condition (4).
Therefore, (V,*) is actually isomorphic to (Z~, +) and f2 is an independent generating set for it. Thus we can construct a group isomorphism ~ between (V, *) and (Z k, +) turning t2 into jV, the standard basis of the vector space Z k. It follows that ¢ turns out also to be a graph isomorphism between F = (V,E) and Cay[(7/~:X] = Qk. [] Finally, it seems to be appropriate for its connection with the subject, to recall, using our terminology, an edge-colouring characterization [71 of graphs embeddable in hypercubes.
A necessary and sufficient condition in order that a 9raph F be embeddable in a suitable hypercube is that there exists an edge-colourin9 of F satisfyin9 the followin9 condition: a walk 7 in F is closed if and only if each colour occurs in s (7 ) an even number of times.
